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The Newman-Janis Ansatz was used first to obtain the stationary Kerr metric from the static
Schwarzschild metric. Many works have been devoted to investigate the physical significance of this
Ansatz, but no definite answer has been given so far. We show that this Ansatz can be applied in
general to conformastatic vacuum metrics, and leads to stationary generalizations which, however,
do not preserve the conformal symmetry. We investigate also the particular case when the seed
solution is given by the Schwarzschild spacetime and show that the resulting rotating configuration
does not correspond to a vacuum solution, even in the limiting case of slow rotation. In fact, it
describes in general a relativistic fluid with anisotropic pressure and heat flux. This implies that
the Newman-Janis Ansatz strongly depends on the choice of representation for the seed solution.
We interpret this result as as a further indication of its applicability limitations.
I. INTRODUCTION
Stationary solutions in general relativity are very important in the context of relativistic astrophysics. If we assume
axial symmetry in vacuum, the Kerr solution [1] describes the exterior gravitational field of a rotating stationary
configuration. A major open problem in classical general relativity is to find an exact interior solution that could
be matched with the exterior Kerr geometry. Soon after the discovery of the Kerr solution, Newman and Janis [2]
showed an algorithm for obtaining the Kerr solution from the Schwarzschild solution. The Newman-Janis Ansatz
(NJA) can be interpreted as a complex coordinate transformation that acts on the Schwarzschild metric for deriving
the Kerr solution. The same method has been used to obtain a Kerr-NUT solution [3] and a solution of the Einstein-
Maxwell equations [4], starting from the Schwarzschild and the Reissner-Nordstro¨m metric, respectively. The NJA was
investigated in general by Talbot [5] who proposed the first explanation for its success. Demianski [6] proved that the
Taub-NUT metric with cosmological constant is the most general solution of Einstein’s equations with cosmological
constant that can be generated by using the NJA. Of course, the reasons why such a method does work can be traced
to the behavior of Einstein equations [7, 8]. Moreover, at the level of the curvature tensor it is also possible to apply
complex transformations to generate new solutions [9, 10].
The NJA was generalized by Herrera and Jime´nez [11] to include the case of static spherically symmetric interior
solutions in order to generate stationary interior spacetimes. Several interior Kerr solutions have been obtained
by employing this method. For example, in [12] an interior trial solution was obtained which is characterized by
a pressure that diverges at the origin of coordinates. In [13], several rotating neutral and charged solutions were
obtained, describing the interior field of non-perfect fluids. The case of rotating spacetimes for anisotropic fluids
with shear viscosity and heat flux was analyzed in detail in [14, 15], obtaining some particular solutions whose
exterior counterpart is unknown, however. In [16], the extension of the NJA was applied to static spacetimes, like
the incompressible Schwarzschild interior. The same method can be applied to obtain interior metrics which match a
general stationary vacuum spacetime, provided the starting static metric is physically reasonable. Moreover, in [17],
the field equations for anisotropic fluids were presented in an Ernst-like form which leads to a precise method for
generating interior solutions. It turns out that, when applied to static spherically symmetric interior solutions, the
extension of the NJA always destroys the perfect-fluid property [18]; nevertheless, in the case of a pure gravitomagnetic
Weyl tensor, the perfect-fluid property can be preserved [19]. Although it has been argued [20] that the NJA would
work only in Einstein’s theory. Moreover, the application of the NJA to spherically symmetric solutions of alternative
gravity theories has been shown to lead to pathologies in the resulting axially symmetric spacetimes [21]. Nevertheless,
it has found applications to obtain rotating higher dimensional spacetimes [22], non-commutative black holes [23, 24],
loop black holes [25], regular black holes [26, 28] and wormholes [27]. Moreover, a generalization of the NJA was
proposed which includes the transformation of a particular gauge field [29].
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2The main objective of the present work is to apply the NJA to comformastatic spacetimes and, in particular, to the
Schwarzschild exterior metric in isotropic coordinates. We follow the original terminology introduced by Synge [30],
according to which stationary spacetimes with a conformally flat space of orbits constitute the conformastationary
spacetimes, and conformastatic spacetimes comprises the static subset. Several exact solutions belonging to this class
have been derived in a series of recent works [31–34] which are interpreted as describing the gravitational and magnetic
fields of static and rotating thin disks. In this work, we start from a general conformastatic metric from which a
stationary metric is obtained whose main physical are also analyzed.
This paper is organized as follows. In Sec. II, we present the field equations for vacuum conformastatic spacetimes,
and derive a particular solution. In Sec. III, we present all the details of the application of the Newman-Janis
algorithm to conformastatic spacetimes. In Sec. IV, we show that for the resulting metric to be a solution of
Einstein’s equations it must correspond to a stationary gravitational field with a perfect-fluid source endowed with
an additional electromagnetic field. Finally, Sec. V contains the final remarks about our results.
II. VACUUM CONFORMASTATIC SPACETIMES
Consider the following conformastatic line element in spherical coordinates xα = (t, r, θ, ϕ):
ds2 = V 2dt2 − U4(dr2 + r2dθ2 + r2 sin2 θdϕ2) . (1)
In general, the functions U and V can depend on all spatial coordinates. For the sake of simplicity, however, in this
work we focus on the simple case in which these functions depend on the radial coordinate r, only. A straightforward
computation leads to the following expressions
R11 = (2rUrVr + rUVrr + 2UVr)/(rU
5V ), (2)
R22 = (4rUV Urr − 4rV U2r − 2rUUrVr + rU2Vrr + 4UV Ur)/(rU6V ), (3)
R33 = R
4
4 = (2rUV Urr + 2rV U
2
r + 2rUVrUr + 6UV Ur + U
2Vr)/(rU
6V ), (4)
where Rαβ are the components of the Ricci tensor. In vacuum, it is easy to show that the above system reduces to
∇2U = 0, ∇ · (U2∇V ) = 0, (5)
where ∇ is the usual gradient operator in spherical coordinates. Thus, U is a harmonic function. Having U , the
second equation in (5) gives V . It is easy to prove that the only possible functional dependence V = V [U ] is of the
form V = −kU−1 with k =constant. However, with this kind of relationship between U and V the only possible
solution for the complete system Rαβ = 0 is the trivial solution. So, in general, the functions U and V are not related.
Is not easy to find functions U and V satisfying the above system. However, the following solution does exist
U = c+
b
r
, V =
cr − b
cr + b
, (a, b constants), (6)
which is equivalent to one of the most important solutions of Einstein’s equations, namely, the exterior Schwarzschild
solution in isotropic coordinates [35]
U = 1 +
m
2r
, V =
2r −m
2r +m
, (7)
corresponding to c = 1 and b = m/2.
The NJA is usually applied to obtain new stationary solutions from vacuum static solutions. We will follow the
same idea in this work. Indeed, we will assume that we have two functions U(r) and V (r) that satisfy the vacuum
conformastatic field equations (5). We will call this set of functions the seed solution. Our goal is to apply the NJA to
a seed solution and to investigate the physical properties of the resulting metrics. In particular, we will be interested
in finding explicitly the metric resulting from the Schwarzschild seed solution in order to compare our results with
the ones obtained originally by Newman and Janis.
III. THE NEWMAN-JANIS ANSATZ
In this section, we apply the NJA to a general conformastatic spacetime given by the line element (1) with the
metric functions U and V satisfying the vacuum field equations (5). Following the procedure presented originally in
3[2], we introduce the outgoing Eddington-Finkelstein coordinates (u, r∗) by means of
u = t− r∗, dr∗ = U
2
V
dr . (8)
Then, the line element (1) can be written as
ds2 = V 2du2 + 2U2V du dr − r2U4(dr2 + r2dθ2 + r2 sin2 θdϕ2). (9)
To apply the NJA to this line element, we introduce the complex null tetrad
gαβ = lαnβ + nαlβ −mαm¯β − m¯αmβ ,
lα = δαr , n
α =
1
U2V
δαu −
1
2U4
δαr , (10)
mα =
1√
2U2r
δαθ −
i√
2U2r sin θ
δαr ,
where lαlα = m
αmα = n
αnα = l
αmα = m
αnα = 0 and l
αnα = −mαm¯α = 1. Complex conjugation is denoted by a
bar over the corresponding quantity. Now, we perform the complex transformation
r → r˜ = r + ia cos θ, u→ u˜ = u− ia cos θ, (11)
{U(r), V (r)} → {M(r, θ; a), N(r, θ; a)}
where the transformed functions M and N are demanded to be real and to satisfy the condition lima→0{M,N} =
{U, V }. Thus, the null tetrad (10) transforms into
lα = δαr , n
α =
1
M2N
δαu −
1
2M4
δαr , (12)
mα =
(r − ia cos θ)√
2M2(r2 + a2 cos2 θ)
δαθ +
a sin θ(ir + a cos θ)√
2M2(r2 + a2 cos2 θ)
(δαu − δαr ) +
(ir + a cos θ)√
2M2r sin θ(r2 + a2 cos2 θ)
δαϕ.
From here, we obtain the transformed inverse metric
guu = − a
2 sin2 θ
M4(r2 + a2 cos2 θ)
, gur =
1
M2N
+
a2 sin2 θ
M4(r2 + a2 cos2 θ)
, guϕ = − a
M4(r2 + a2 cos2 θ)
,
grr = − 1
M4
− a
2 sin2 θ
M4(r2 + a2 cos2 θ)
, grϕ =
a
M4(r2 + a2 cos2 θ)
, gθθ = − 1
M4(r2 + a2 cos2 θ)
gϕϕ = − a
M4(r2 + a2 cos2 θ) sin2 θ
,
and the corresponding line element in Eddington-Finkelstein coordinates
ds2 = N2du2 + 2M2Ndu dr + 2a(M2N −N2) sin2 θdu dϕ− 2aM2N sin2 θdr dϕ−M4(r2 + a2 cos2 θ)dθ2
− [a2(2M2N −N2) sin2 θ +M4(r2 + a2 cos2 θ)] sin2 θdϕ2. (13)
Now, if we choose the transformed functions as
M(r, θ) = U(r) and N(r, θ) =
U2(r2 + a2 cos2 θ)
r2U2
V + a
2 cos2 θ
(14)
and introduce Boyer-Lindquist (BL) like coordinates by means of the coordinate transformation
du = dt−
r2U2
V + a
2
r2 + a2
dr, dϕ = dφ− a
r2 + a2
dr , (15)
the metric generated by the NJA reduces to
ds2 =
U4(r2 + a2 cos2 θ)2
(a2 cos2 θ + r
2U2
V )
2
dt2 +
2aU4(r2 + a2 cos2 θ)( r
2U2
V − r2) sin2 θ
(a2 cos2 θ + r
2U2
V )
2
dt dφ
− U
4(r2 + a2 cos2 θ)
a2 + r2
dr2 − U4(r2 + a2 cos2 θ)dθ2
− U4(r2 + a2 cos2 θ) sin2 θ
[
1 + a2 sin2 θ
(2r
2U2
V − r2 + a2 cos2 θ)
(a2 cos2 θ + r
2U2
V )
2
]
dφ2, (16)
4where, as we mentioned above, U(r) and V (r) are a solution of the Einstein vacuum equations for a conformastatic
spacetime. Notice that the above metric can also be obtained as a particular case from Eq.(16) of Ref. [26] where a
general static metric is analyzed. To this end, it is necessary to choose the metric functions as
G(r) = V 2(r), H(r) =
r2
F (r)
, F (r) =
1
U4(r)
, K =
r2U2
V
, ψ = U4(r2 + a2 cos2 θ) . (17)
For our purposes, however, we rewrite the new metric (16) as
ds2 =
V 2ρ2
Σ2
[
dt2 − 2ar
2
ρ
(
1− U
2
V
)
sin2 θdtdφ + a2
(
1− 2ΣU
2
ρV
)
sin4 θdφ2
]
− U4ρ
[
dr2
r2 + a2
+ dθ2 + sin2 θdφ2
]
,
(18)
with
ρ = r2 + a2 cos2 θ , Σ = r2 + a2 cos2 θ
V
U2
. (19)
Notice that in the limit a → 0, the generalized metric reduces to the seed metric (1). Therefore, the parameter a
can be interpreted as responsible for the stationarity of the spacetime and, consequently, should be associated with
the rotation of the gravity source.
IV. PHYSICAL INTERPRETATION
The generalized metric (18) is clearly stationary; however, it is not conformastationary. This implies that the NJA
does not preserve the conformal invariance in this case. Moreover, if we impose the vacuum field equations for the
functions (5) U and V , one can show that the corresponding Einstein tensor does not vanish; instead, we compute
the following structure
Gαβ =


Gtt 0 0 Gtφ
0 Grr Grθ 0
0 Grθ Gθθ 0
Gtφ 0 0 Gφφ

 . (20)
It follows that in the case of vacuum comformastatic spacetimes the NJA leads in general to non-vacuum stationary
spacetimes.
To investigate the physical interpretation of the spacetimes generated in this manner, we proceed as it is customary
in the case of conformastatic and conformastic metrics, namely, we search for the conditions under which the above
Einstein tensor can be interpreted as corresponding to a perfect-fluid source possibly endowed with an electromagnetic
field [31] in such a way that it could describe the field of a disk-halo configuration.
A. The linearized limit
For the sake of simplicity, we consider first the approximate linearized limit in which quadratic terms in a can be
neglected. Since the parameter a is related to the rotation of the source, we can expect that in the limiting case of
slow rotation the resulting solution is related to the Lense-Thirring solution [35]
ds2 =
(
1− 2m
r
)
dt2 − 4ma sin
2 θ
r
dtdφ − dr
2
1− 2mr
− r2(dθ2 + sin2 θdφ2) . (21)
The non-diagonal term corresponds to the gravitational field generated by the rotation of the source.
The generalized metric (18) reduces in this case to
ds2 = V 2
[
dt2 − 2a
(
1− U
2
V
)
sin2 θdtdφ
]
− U4 (dr2 + r2dθ2 + r2 sin2 θdφ2) . (22)
If the metric functions satisfy the conditions limr→∞ U = ±1 and limr→∞ V = 1, the spacetime is asymptotically flat,
implying that the source of gravity is located in a limited region of spacetime. A direct calculation of the Einstein
5tensor shows that in general it is non-vanishing. For the sake of concreteness, let us consider the Schwarzschild metric
(7) as the seed solution. Then, the only non-vanishing component of the Einstein tensor is
Gtφ = 32
am2r(2r2 + 3mr −m2) sin2 θ
(2 r +m)6 (2 r −m) , (23)
Remarkably, all the component Gtt vanishes in this limit. This means that there is no energy density to be interpreted
as the source of gravity. This makes difficult the interpretation of this approximate solution. In fact, one can try to
identify the component Gtφ as due to a particular magnetic distribution in Einstein-Maxwell theory, i.e., satisfying
the equations
Gαβ =
1
4pi
(
FαµFβνg
µν − 1
4
gαβg
µλgδνFµδFλν
)
, (24)
where Fαβ is the Faraday tensor which can be expressed in terms of the electromagnetic potential Aα as Fαβ =
Aα,β − Aβα. One can prove that starting from a general magnetic potential Aφ(r) there is no real solution for the
components of the Faraday tensor such that the approximate Einstein-Maxwell equations (24) are satisfied.
If the parameter a, induced by the NJA, would be related only to the stationary rotation of the gravitational
source, we would obtain in the linearized limit the Lense-Thirring metric in vacuum or its magnetic generalization.
The results presented above show that this is not the case. We can nevertheless force the equivalence for particular
cases. Indeed, we see that at the pole θ = 0, the Einstein tensor component (23) vanishes. However, along the poles
the Lense-Thirring metric predicts no gravitational influence due to the rotation and, consequently, this particular
value corresponds to the original Schwarzschild metric. The additional particular case for which 2r2 +3mr−m2 = 0
leads to a radius value located inside the horizon which is, therefore, unphysical because it cannot be detected by an
observer located outside the horizon. Thus, we see that it is not possible to recover the Lense-Thirring metric in any
particular case.
B. A relativistic fluid
The non-diagonal structure of the Einstein tensor (20) for the general stationary metric indicates that it cannot be
interpreted as a perfect fluid. Moreover, a straightforward calculation of its trace shows that it is in general different
from zero, indicating that the identification with the electromagnetic Maxwell tensor is possible only in very special
cases. Let us therefore consider the general case of a relativistic fluid whose energy-momentum tensor is given by
Tαβ = (µ+ P )VαVβ − Pgαβ +QαVβ +QβVα +Παβ , (25)
where µ and P represent the energy and pressure, respectively, the worldlines of the fluid are integral curves of the
4-velocity vector field V α, the heat flux vector is Qβ, and Παβ represents the viscosity tensor. Notice that Qβ , and
Παβ are transverse to the worldlines of the fluid in the sense that QαV α = QαVα = 0, and ΠαβV α = 0. If a particular
solution of Einstein’s equations is described by the energy-momentum tensor (25), we may say that the gravitational
field is generated by a source in which µ, P , Qα and Παβ are the energy density, the isotropic pressure, the heat flux
and the anisotropic tensor of the source. Thus, it is straightforward to see that
µ = TαβV
αV β , (26)
P =
1
3
HαβTαβ , (27)
Qα = TαβV β − µVα, (28)
Παβ = H µα H νβ (Tµν − PHµν), (29)
where the projection tensor is defined by Hαβ ≡ VαVβ − gαβ .
In order to interpret the solution generated by the NJA, we first rewrite the metric (16) as
ds2 = Adt2 + 2Bdtdφ− ψ
a2 + r2
dr2 − ψdθ2 − Cdφ2 , (30)
where
A ≡ ψ(r
2 + a2 cos2 θ)
(K + a2 cos2 θ)2
, B ≡ aψ sin
2 θ(K − r2)
(K + a2 cos2 θ)2
, C ≡ ψ sin
2 θ
[
(K + a2)2 − a2 sin2 θ(r2 + a2)]
(K + a2 cos2 θ)2
,
ψ ≡ U4(r2 + a2 cos2 θ) , K ≡ r
2U2
V
.
6It is convenient to introduce a suitable reference frame in terms of an orthonormal tetrad for a local observer in the
form
Vα =
{√
A, 0, 0,
B√
A
}
, (31)
Kα =
{
0, −
√
ψ√
a2 + r2
, 0, 0
}
, (32)
Lα =
{
0, 0 −
√
ψ, 0, 0
}
, (33)
Mα =
{
0, 0 0, −
√
B2 +AC√
A
}
. (34)
with the corresponding dual tetrad
V α =
{
1√
A
, 0, 0, 0
}
, (35)
Kα =
{
0,
√
a2 + r2√
ψ
, 0, 0
}
, (36)
Lα =
{
0, 0,
1√
ψ
, 0
}
, (37)
Mα =
{
− B√
A(B2 +AC)
, 0 0,
√
A√
B2 +AC
}
. (38)
It is easy to see that V αVα = −KαKα = −LαLα = −MαMα = 1 and that V αKα = V αLα = V αMα = KαLα =
KαMα = L
αMα = 0.
The idea now is to verify if Einstein’s equations, Gαβ = 8piTαβ, which for the particular Einstein tensor (20) and
the energy-momentum tensor (25) lead to an algebraic system of equations, can be solved in a consistent manner and
without imposing additional conditions on the components of Gαβ . To this end, we use the constitutive equations
(26) - (29) and Eq.(20). First, we can write the energy density and the pressure of the fluid as
µ =
Gtt
A
(39)
and
P =
Gtt −AG
3A
, (40)
respectively, where G = G αα . These quantities must satisfy the corresponding energy conditions to be physically
meaningful. Furthermore, the heat function is given by
Qα = (AGtφ −BGtt)δ
φ
α
A3/2
, (41)
indicating the heat flux occurs only along the azimuthal direction. Finally, the non-zero components of the anisotropic
tensor are
Πrr = Grr − ψ
3(a2 + r2)A
Gtt +
ψ
3(a2 + r2)
G, (42)
Πθθ = Gθθ − ψ
3A
Gtt +
ψ
3
G, (43)
Πrθ = Grθ, (44)
Πφφ = Gφφ +
2B2 −AC
3A2
Gtt − 2B
A
Gtφ +
B2 +AC
3A
G, (45)
(46)
7In terms of the components of the local orthonormal tetrad, the anisotropic tensor can be decomposed as
Παβ = PrKαKβ + PθLαLβ + PφMαMβ + PT (LαKβ + LβKα) , (47)
where
Pr =
a2 + r2
ψ
Grr − 1
3A
Gtt +
1
3
G,
Pθ =
1
ψ
Gθθ − 1
3A
Gtt +
1
3
G,
Pφ =
A
B2 +AC
Gφφ +
2B2 −AC
3A(B2 +AC)
Gtt − 2B
B2 +AC
Gtφ +
1
3
G,
PT =
√
a2 + r2
ψ
,
represent the values of the anisotropic pressure in different spatial directions. Notice that P ≡ Pr +Pθ +Pφ = 0 and,
consequently, the trace Παα = 0. Notice also that to get a fluid without heat flux it is mandatory that AGtφ−BGtt = 0,
a condition which in general is not satisfied. Even if we consider the particular metric generated from the Schwarzschild
metric in isotropic coordinates, the heat flux cannot be made to vanish.
We see that the NJA generates in this case metrics with properties that are completely different from the properties
of the starting seed metric. Consider, for instance, the Schwarzschild metric as seed solution. The NJA generates
a non-vacuum solution for a relativistic fluid in which the heat flux is non-trivial and all the components of the
anisotropic pressure are different from zero. It is interesting to consider in this case the limit m→ 0 with a 6= 0. The
obtained solution has a non-trivial form, but a straightforward computation shows that its curvature tensor vanishes.
This an essential logical test which shows that there is no pressure and heat flux without mass. Nevertheless, the
resulting solution has a quite complicated physical interpretation which somehow is not exactly the idea of NJA.
V. CONCLUSIONS
The NJA was proposed more that half a century ago as a method to obtain the rotating Kerr solution from the
static Schwarzschild solution, but it has also been shown to work for the Reissner-Nordstro¨m metric from which the
Kerr-Newman solution is generated. It has been used extensively to generate stationary perfect-fluid solutions from
static ones. Despite its success, the reason why the NJA works is still unknown. In fact, as it is used today, it can
be understood as an Ansatz or as a trick. To upgrade the NJA to the status of an algorithm or a genuine method to
generate new solutions of Einstein’s equations, it must be described as an exact mathematical formalism that allows
us to understand why it can be used to generate new solutions. The results obtained in the present work can be
interpreted as an indication that the NJA is just a trick that happens to work under very particular circumstances.
In fact, we first applied the NJA to conformastatic vacuum metrics in the hope that we could generate conformasta-
tionary vacuum solutions. Our results show that this is not possible. Although the resulting metric has a non-diagonal
term which is usually associated with the rotation of the source, it does not preserve the conformal symmetry of the
static case. Moreover, the resulting metric does not satisfy Einstein’s equations in vacuum. To analyze the physical
significance of the metric generated by the NJA, we compare its Einstein tensor with the energy-momentum tensor
for a relativistic fluid with anisotropic pressure and heat flux. We proved that in general all the physical quantities
determining the fluid can be identified in a consistent manner with the non-zero components of the Einstein tensor. If
we consider the particular case of the Schwarzschild metric as seed solution, all the physical quantities of the generated
relativistic fluid satisfy the physical condition of vanishing as m → 0, independently of the value of the rotational
parameter a.
We thus see that the NJA does not generate the vacuum Kerr metric from the Schwarzschild metric in isotropic
coordinates. Even in the limiting case of small a, the resulting linearized solution cannot be identified as the vacuum
Lense-Thirring metric. This implies that the NJA depends on the choice of coordinates. We interpret this result
as indication that the NJA cannot be considered as an algorithm; instead, it should be interpreted as a trick that
happens to work well for particular solutions in spherical coordinates. Recently, in [36], an additional negative fact
about the NJA was observed, namely, that in the context of modified gravity theories it leads to pathologies in the
resulting metrics and that it should not be used to generate rotating black holes outside general relativity. In the
present work, we show that even within general relativity it should be used with caution to construct black hole
solutions, because it depends on the coordinates used for the construction.
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